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INTRODUCTION 
By means of extensive three-dimensional contact dynamics simulations, 
we analyse the strength properties and microstructure of a granular 
asteroid, modelled as a self-gravitating cohesive granular aggregate 
composed of spherical particles, and subjected to diametrical 
compression tests. We show that, for a broad range of system 
parameters (shear rate, cohesive forces, asteroid diameter), the 
behaviour can be described by a modified inertial number that 
incorporates interparticle cohesion and gravitational forces.

PROBLEM 

• The correct scaling between particle size, asteroid size and tensile 
strength has not yet been established. 

• We want to know if the rheology provided by the Inertial number can 
be applied to self-gravitating aggregates.

NON-SMOOTH CONTACT DYNAMICS

SIMULATIONS 

• Spherical aggregates formed by ~10000 spherical particles. 

• Gravitational field is not calculated but imposed  to match that of a 
spherical aggregate. 

• The aggregates are squeezed between horizontal planes that move at 
speed   . 

CONCLUSIONS 

• It is possible to apply the I rheology to self-gravitating aggregates. 

• I’<10-4 (low cohesion or large aggregates) = quasi-static deformation. 

• I’>10-4 (high cohesion or small aggregates) = crack formation.

Scaling in Cohesive Self-Gravitating Aggregates

Ratio between two timescales: 

• The timescale of the mean shear  

• Microscopic time for re-arrangement. 

IINERTIAL NUMBER
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FIGURE 1. The Signorini graph

This iteration process of course demands computational effort, but in exchange it
makes possible to apply an implicit stepping algorithm with large time steps. The
resulting dynamics is non-smooth and includes velocity jumps due to shocks when
collisions occur. In contrast, the MD method considers the motion smooth even for
collision, therefore the harder the particles are, the finer resolution in time is needed,
consequently small time steps are used.

The constraint conditions

The main feature of unilateral contacts we want to attain is impenetrability, further-
more only repulsive forces are allowed corresponding to dry granular materials. This is
expressed by the Signorini graph (Fig. 1), which relates the gap g between two particles
and the normal force Rn between them. Rn can be non-negative and arbitrarily large if
g= 0, but becomes zero if the two particles are not in contact (g> 0). In the algorithm
the normal force is determined according to this multi-mapping graph and to the addi-
tional principle, that the smallest value of Rn is applied at a contact, which is just needed
to avoid interpenetration.
Regarding the tangential force Rt it is due to the Coulomb friction (Fig. 2), which

captures the characteristics of dry frictional contacts that sliding cannot be induced
below a certain threshold. This threshold is proportional to the normal force with the
factor µ , the friction coefficient. (Here we neglect the difference between static and
sliding friction coefficients for simplicity, but this distinction can be made in CD without
difficulty.)
In a non-sliding situation the value of Rt is not determined by the graph, the static

friction force can be arbitrary below the threshold. Here a similar constraint principle
is applied as for Rn, namely that the proper friction force is chosen, which is needed to
keep the contact from sliding. If this condition cannot be satisfied below the threshold,
then the contact will slide with a friction force µRn against the motion, i.e. pointing
opposite to the relative tangential velocity.
The graph shown in Figure 2 concerns rather a two-dimensional case. In three-

dimension one can speak about the Coulomb cone: for a given Rn the friction force

FIGURE 2. The Coulomb graph

must lie in a two-dimensional plane within a circle, the radius of which is defined by the
threshold above, thus the radius depends linearly on the normal force.
We would like to emphasize that both graphs presented here are infinitely steep and

can be implemented in the CD method without any change.

The discrete dynamical equations

According to the Signorini condition, collisions of particles give rise to shocks,
therefore discontinuous velocities are expected during the time-evolution. In such a
case of non-smooth mechanics [15] the use of second or higher order schemes for the
integration of motion is not beneficial and could even be problematic. Therefore first
order schemes are applied, e.g. an implicit Euler integration in our CD code:

r⃗i (t + ∆t) = r⃗i (t) + v⃗i (t + ∆t)∆t (1)

v⃗i (t + ∆t) = v⃗i (t) +
1
mi
F⃗i (t + ∆t)∆t . (2)

The two equations describe the change in velocity and position of the center of mass
during one time step for the ith particle. The vector F⃗i denotes the sum of the forces
acting on this particle and is calculated to be consistent with the new velocities and
positions.
The time-stepping is also similar for the rotation around the center of mass: the

orientation of a particle is updated with the new angular velocity ω⃗i (t + ∆t), while for
the update of ω⃗i we use the torque T⃗i (t + ∆t) resulting from the new contact forces.

One contact

Let us first consider the simple case of only one candidate for contact, i.e. two convex
particles already in contact or with a small gap between them. They are numbered 0

The Signorini Graph The Coulomb Graph

• Particle overlap is not allowed. 
• Contact forces are zero as long as the gap g>0. 
• Contact forces are as large as needed to avoid 

the overlap (graphs below) and make g=0. 
• LMGC90 Platform  
https://git-xen.lmgc.univ-montp2.fr/ lmgc90/
lmgc90_user/wikis/home
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•    is the shear velocity. 
• d is the particle diameter 
• ρ0 is the particle density 
• η is the particle-particle tensile strength 
• P0 is the overburden pressure at the centre 
• α is a semi-empirical parameter ~0.48

·γ

Shear velocity Particle size

Pressure Particle density
touch. As the blocks are brought together, the plate will take up a position midway between them, at a 
maximum distance from both. The algorithm for locating and moving the common plane can be 
formulated as an optimization problem: “Maximize the gap between the common plane and the closest 
vertex”. The optimization algorithm applies translations and rotations to the common plane in order to 
maximize the gap. 
 The normal vector of the common plane will serve as the contact normal, and the points having 
the shortest distances from the common plane are pc and qc. After finding the two closest points, sum up 
their distances from the common plane, and let gpq denote this sum which is equal to the gap width 
between the two blocks.  
 
 
 
 
 
 
 
Figure 1.      Figure 2. 
Distance gpq between elements p and q    The local coordinate system of pair c and 
       the definition of vectors rpc and rqc 
 
Assign an (n, t, w) local coordinate frame to the pair in the way shown in Figure 2. The unit base vector n 
is directed towards the nearest point of p (first element of the pair). Base vectors t and w are an arbitrary 
pair of orthogonal unit vectors parallel to the contact plane. The gpq distance is the n-directional projection 
of the vector connecting the two closest points, oriented from q to p. 
 If this distance equals zero, the two elements form a point-like contact, and a concentrated contact 
force can be transmitted between the elements. Since the contact and the elements do not deform, the two 
elements must move in such a way that there would be no overlap between them: the gap width gpq cannot 
become negative. In addition, the two elements can slide along each other (i.e. the two material points 
forming the contact point can translate relatively to each other in a direction perpendicular to n) only if 
the frictional limit is reached in the contact.  

2.1.2 The reduced contact forces  
 When a contact exists, contact forces can be transmitted between material points pc and qc (they 
are at the same position in this case). These forces are the basic unknowns of the method; the essence of 
the NSCD technique is to determine them with an iterative solver (see Sections 2.3 and 2.4) at discrete 
time instants. The force exerted on p by q is fpc, and the force acting on q by p is fqc (note that fpc = � fqc): 
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They can be reduced to the reference points of p and q with the help of the Bpc(t) and Bpc(t) transition 
matrices, respectively: 
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Results of several simulations 
changing the particle size, 
aggregate size and tensile 
strength.


       measured average stress 
around a deformation of 2%.

Typical simulation of diametrical 
compression (above) and force 
chains (below).  Compressive 
forces in red, and tensile forces 
in blue 
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For more details: Scaling behavior of cohesive self-gravitating aggregates, 
E Azéma, P Sánchez, DJ ScheeresPhysical Review E 98 (3), 030901.
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