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ABSTRACT

Multi-target tracking using probabilistic finite set statistic methods, such as the Probability Hypothesis Density (PHD)
filter, the Cardinality Probability Hypothesis Density filter (CPHD) or Multi-Bernoulli methods, are ubiquitously used
for their advantageous properties of probabilistic data association in the presence of measurements that originate from
real objects as well as clutter and their ability of probabilistic scene description in the absence of measurements.
However, the performance of such methods crucially depends on their input parameters, such as the probability of
birth and death of objects in the scene and the probability of detection and the clutter rate. While birth and death are of
subordinate relevance in the SSA problem, and clutter usually can be well assessed on the sensor level, the probability
of detection is a traditionally uncertain parameter. The probability of detection depends upon object properties, such
as shape, attitude, and materials. While those are generally unknown for space debris objects, even active assets are
subject to degradation over time in their optical properties. The probability of detection is hence a chronically uncertain
parameter in the SSA multi-target tracking problem. Previous research has established that even slight deviations in the
probability of detection lead to significantly degraded results. In this paper, a method is shown to include uncertainty
in the probability of detection in the PHD filter framework. Using a Gaussian mixture representation of just five or
seven components, significant improvements in the filter performance can be achieved. Several scenarios based on
optical observations in the geosynchronous and geostationary transfer regime are shown.

1. INTRODUCTION

The space around Earth is becoming more crowded with increasing launches, a higher number of small satellites in
orbit, and the proliferation of debris. Currently, there are around 44000 Earth-orbiting objects of a minimum size of 10
centimeters [15] that are catalogued. These objects consist of the active satellites and also space debris. Multi-target
tracking (MTT) is the process of estimating the states, alongside the number of objects in any given region from clutter
affected measurements (e.g. radar measurements, optical measurements). Historically, two major research approaches
are used to explore the MTT regime, namely, the track-based approach and the population-based approach. The
track-based approaches associate the measurements explicitly with the single targets to form a track.

The most well known representations of this approach is the Multi-Hypothesis filter and the Joint Probabilistic Data
Association (JPDA) filter (introduced in [10]). Population-based approaches model all the objects in the scene as a
single random entity and formulate the filtering problem using Finite Set Statistics (FISST) [20]. Both, track-based
approaches and the population-based approaches have been researched in context of tracking in SSA ([12], [13], [24],
[8], [14], [18], [19], ([4], [5]).

One of the important assumptions used in the formulation of GM-PHD filter is that the pD is assumed to be known
and constant, i.e., state-independent. Assumptions that appear to be valid in many tracking applications ([2], [1], [6],
[26], [27]). However, this assumption cannot be justified in the observations of space objects. pD is clearly orbital
state-dependent because of the changing geometry of object, observer, and (either passive or active) illumination
source. Secondly, the reflected illumination, either radar, laser, reflected sunlight, depends on the shape, attitude, and
material of the object. While attitude might be relatively well known for active stabilized objects, material properties
are known to change over time in the harsh space environment. For space debris objects, none of the parameters is
well known. Hence, pD has significant uncertainty associated with it and is not well known beforehand. Frueh [11]
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shows that a model mismatch in pD, the probability of detection, significantly degrades the performance of a simplified
cardinality-only PHD filter.

In this paper, a new method is introduced modeling pD, the probability of detection, via a Gaussian mixture approach,
and incorporating it into the PHD tracking framework. Simulation results are shown for a ground-based optical
tracking scenario. Using the Gaussian mixture approach for modeling pD is shown to outperform classical PHD filter
results using only 5 to 7 Gaussian components per object. A more comprehensive version of this paper has been
submitted for journal publication and is currently under review.

2. GAUSSIAN MIXTURE PROBABILITY HYPOTHESIS DENSITY (GM-PHD) FILTER

The following equations constitute prediction and update equations of the PHD filter.

Dk+1|k(x) = bk+1|k(x)+
∫

pS(x′) fk+1|k(x|x′)Dk|k(x′)dx′ (1)

Dk+1|k+1(x) =
(

1− pD(x)+ ∑
z∈Zk+1

pD(x) fk+1(z|x)
κk+1(z)+

∫
pD(x′) fk+1(z|x′)Dk+1|k(x)dx′

)
Dk+1|k(x) (2)

The reader can refer to Chapter 16 of [20] for a detailed derivation of these equations. Here the subscripts k,k+ 1
refer to the time steps tk, tk+1 respectively. Dk+1|k is the predicted intensity and Dk+1|k+1 is the posterior intensity,
pS(x′), pD(x) are probability of survival and probability of detection respectively, bk+1|k(x) is the PHD of the birth
RFS which models the new objects entering a surveillance scene, fk+1|k(x|x′) is the probability that a target with
state x′ at tk transitions to a state x at tk+1 whereas fk+1(z|x) is the probability that a target with state x generates a
measurement z and κk+1(z) is the intensity of the clutter RFS at time tk+1.

Although the PHD filter dramatically reduces the computational complexity associated with the Multi-target Bayes
filter, it does not provide an implementation. The GM-PHD filter [25], provides a closed-form solution to the PHD
filter, assuming the probability of survival (pS) and the probability of detection (pD) are state-independent, among
other assumptions.

2.1 birth PHD

In the space environment, it is difficult to predict when and with what state (position and velocity) the object will appear
even probabilistically a priori. Information on object birth hence has to be shifted to the measurement step. Using
admissible regions [21] in a Gaussian Mixture approximation [9] allows to incorporate birth for earth-orbiting objects,
see Figure 1 for illustration. The admissible region Gaussian components are then translated into the state space. When

Fig. 1: Gaussian Mixture approximation of an Admissible Region

the birth-PHD GM components are all obtained from the measurements, if these are added in the prediction step, as
shown in equation (??) the update step would increase the weights of these components even if these components do
not represent the targets, because all the components would, in theory, give the same predicted measurement which
is equal to the true measurement. Therefore to avoid this ambiguity, the birth-PHD GM components are added in the
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update step, which is the same as giving new initial components at this very time step. Technically, it is then equivalent
to assume that there no new objects entering the scene, but the new targets (birth) are accounted for by adding new
GM components (which have information on new objects) at each time step. The GM-PHD filter equations can then
be written as:

Dk+1|k(x) = DS,k+1|k(x) (3)

Dk+1|k+1(x) = (1− pD,k+1)Dk|k−1(x)+ ∑
z∈Zk+1

DD,k+1(x;z)+bk+1|k(x) (4)

3. PROBABILITY OF DETECTION (PD) OPTICAL MEASUREMENTS

An analytical expression for pD taking all of these factors into account. pD can be expressed as ([22], [23]):

pD = 1− 1
2

∞

∑
n=−∞

Γ(n+1,λob j +λS +λD)

n!

(
er f

(
n+1−µε√
2g(σ2

B +σ2
R)

)
− er f

(
n−µε√

2g(σ2
B +σ2

R)

))
(5)

µε = tg+g/2+λS +λD (6)
t = 3×N( threshold, usually equal to 3-5 N) (7)

N =

√
λob j +(1+ 1

n )(λS +
g2−1

12 )

g2 +(1+
1
n
)σ2

R (8)

The quantity depending on the object is λob j which is the Poisson parameter of the object signal. λob j can be given as
[3]:

λob j = (D−d)
λ̄

hc
Iob j(λ̄ )exp(−τ(λ̄ )R(ζ ))Q(λ̄ )∆tg = kob jA (9)

Iob j =
∫

ISun(λ )
A

x2
topo

Ψ̄(λ )dλ ≡ I0AΨ

r2
topo

(10)

where D is the area of the aperture, d is the area of the obstruction of the aperture (secondary mirror), c is the speed of
light, h is the Planck’s constant, Iλob j(λ ) is the object irradiation for a wavelength λ , τ is the atmospheric extinction
coefficient and R is the atmospheric function (ζ is the elevation angle), Q is the quantum efficiency, g is the gain, I0 is
the solar constant, A is the reflecting area of the object, rtopo is the distance between the object and the observer and
Ψ is the phase function of the object which encapsulates the reflecting properties of the objects. kob j can be defined
as the object number, entailing all parameters but area. The atmospheric model used in this work is R = 1

cos(ζ ) . If the
object is spherical, Ψ is given as ([3]):

Ψsphere =
2Cd

3π
(sin(α)+(π−α)cos(α)) (11)

where Cd is the Lambertian Reflection coefficient and α is the angle between the relative position vector between Sun
and the object and the relative position vector between the object and the observer.Cd is generally assumed to be a
constant and value is taken at the mean wavelength.

3.1 State-Dependent pD model

In order to implement a state-dependent pD in the GM-PHD filter framework, [16] the new GM-PHD filter update
equation becomes:

Dk+1|k+1(x) = [1− pD]Dk+1|k(x)+ ∑
z∈Zk+1

DD,k+1(x;z) (12)
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where,

[1− pD]Dk+1|k(x) =
Jk+1|k

∑
i=1

[1− pD,k+1(m
(i)
k+1|k)]w

(i)
k+1|kN (x;m(i)

k+1|k,P
(i)
k+1|k) (13)

DD,k+1(x;z) =
pD,k+1(m

(i)
k+1|k)w

(i)
k+1|kq(i)k+1(z)

λc(z)+ pD,k+1(m
(i)
k+1|k)∑

Jk+1|k
l=1 w(l)

k+1|kq(l)k+1(z)
(14)

For a resctricted Field of View (FOV) pD,k+1(m
(i)
k+1|k) is taken to be zero if the estimated neab position (obtained from

m(i)
k+1|k) is not in the FOV.

3.2 Uncertainty in pD

One major source of pD are tumbling objects, exposing different reflective areas over time. Linearizing pD relative to
the area A, allows to determine the variance as:

σ
2
pD

=

(
d pD

dA

∣∣∣∣
A=µA

σA

)2

=

(
−0.5

∞

∑
n=−∞

(
dP1

dA
P2 +P1

dP2

dA

)
σA

)
(15)

with:

P1 = poisson.cd f (n,λ ) where λ = λob j +λS +λD

P2 = er f

(
n+1−µε√
2g(σ2

B +σ2
R)

)
− er f

(
n−µε√

2g(σ2
B +σ2

R)

)
dP1

dA
=
−kob j exp(λ )λ n

n!
dP2

dA
=

2√
π

exp(−z2
1)

dz1

dA
=

2√
π

exp(−z2
1)
−g
c

dt
dA

+
2√
π

exp(−z2
2)

dz2

dA
=

2√
π

exp(−z2
2)
−g
c

dt
dA

with:

dt
dA

=
1.5kob j

g2

(
λob j +(1+ 1

n )(λS +
g2−1

12 )

g2 +(1+
1
n
)σ2

R

)−0.5

c =
√

2g(σ2
B +σ2

R) z1 =
n+1−µε

c
z2 =

n−µε

c

3.3 Validation of the model
As mentioned above, to verify the GM approximation and the linearized Jacobian of pD, a Monte-Carlo analysis is
done. Firstly, the probability distribution of the area is assumed to be Gaussian with µ,σ = 1,0.3. To test how good
the Gaussian distribution fits the pD distribution, 1000 samples of the area are drawn and pD is calculated for each
of the sample. A histogram is then plotted using 10 bins where the bin intervals are [0-0.1,0.1-0.2,...,0.9-1.0]. Then,
the probability of pD at the mid point of bin intervals [0.05,0.15,...,0.85,0.95] is calculated by taking the ratio of the
number of samples in each bin to the total number of samples (1000). For Gaussian component splitting, splitting
libraries have been used [7], [17]. Fig. 2 and 3 show the comparison of probability of pD at the bin mid-points
obtained via Monte-Carlo analysis and the Gaussian approximation. It can be seen from the plots that the Gaussian
approximation is a very good even for small amounts of Gaussians.

For the implementation in the GM-PHD filter, pD(m
(i)
k+1|k) in equations (13) and (14) is taken as the weighted average

of the means of the Gaussian components i.e., the splitted Gaussian components of the area are first transformed to pD
space by the method described in section 3.2 and the pD is assumed to then be equal to the weighted average of the
means of the components. More precisely, if the probability distribution of pD for a particular state m(i)

k+1|k is given by

∑
n
i=1 αiN (pD; µi,σ

2
i ) then pD(m

(i)
k+1|k) = ∑

n
i=1 αiµi.
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Fig. 2: (a) n = 1,(b) n = 3,(c) n = 4,(d) n = 5 at t=10

Fig. 3: (a) n = 1,(b) n = 3,(c) n = 4,(d) n = 5 at t=50

4. SIMULATION AND RESULTS

4.1 Validation of the Proposed Model

Two cases of simulations are used to validate the proposed GM-PHD filter variation for incorporating pD uncertainty.
The area (A) of the targets is assumed to be a random variable with a Gaussian distribution. The filter is run using
three models of pD for around 100 samples of area (100 sets of measurements), and the results are stored.
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For the first model, namely ”M1”, the state-dependent pD model is used where the area of the targets is assumed
to be constant and equal to the mean of the Gaussian Distribution, disregarding any uncertainty in the probability of
detection. For the second model ”M2”, the state-dependent pD model is used but this time the value of pD is taken
as a extensive Monte Carlo weighted average i.e., samples of areas are drawn (from the Gaussian distribution), and
pD is calculated for each sample, and a histogram with 10 bins (0.0-0.1,0.1-0.2,...,0.9-1.0) is created, and, a weighted
average using the centers of the bins is calculated. The method M2 is expected to be most exact, but it prohibitively
computationally expensive.

The third model ”M3” is the proposed model Gaussian Mixture model for representing the uncertainty in the proba-
bility of detection. As mentioned above, the filter is applied on the 100 sets of measurements, and the results for the
state estimates and the cardinality (number of objects) estimates at each time step are stored. At each time step, an
error is calculated using the Optimal Subpattern Assignment metric, also known as OSPA, The error is then averaged
at each time step for all the samples, for all the models and the error is plotted.

4.1.1 Geostationary Objects Simulation

This scenario consists of two objects over 300 time steps with a step size of 1 minute. The observer is assumed to
be on the surface of the Earth at a −91.44◦ longitude, and −7.15◦ latitude and measurements are taken at every time
step and consist of topocentric angles and angle-rates. FOV is assumed to be 4◦× 4◦. It is assumed that the clutter
Poisson parameter is 4. The probability of survival is constant and is assumed to be equal to 0.99. It is assumed that
the target’s area has a Gaussian Distribution with mean 1 and a standard deviation of 0.3. The objects time in FOV is
given in Table 1 and Table 2 presents the initial states of the objects.

Table 1: Objects periods in FOV

Targets Time steps in FOV
Object 1 0-177, 185-196
Object 2 80-147

Table 2: Orbital elements of targets

Targets Semi-major Eccentricity Inclination Longitude Argument True
axis (km) (rad) ascending node (rad) of perigee (rad) Anomaly (rad)

Object 1 42164.455 0.00027 0.14278 0.80659 4.50221 0.18799
Object 2 42675.265 0.00178 0.22682 0.24389 4.53186 1.01972
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Figure 4 shows the average OSPA error for the case described above with no clutter. Figure 4 shows that the model M2
and M3 performs better than model M1. M2 has the least error since it follows a Monte Carlo methodology. However,
the performance of M2 is very similar to M2 and is also computationally less expensive. There is jump in the errors
around the 80th time step because object 2 enters the FOV and an error corresponding to this object is added to the
OSPA metric. The errors keeps on increasing after 200th time step because the objects are outside the FOV. Hence
M1, M2, M3 give the same estimates of pD.

Fig. 4: Comparison of OSPA errors (Clutter not included)

The following figure (Fig.5) shows the results when clutter is included.

Fig. 5: Comparison of OSPA errors (Clutter included)
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The same conclusions can be drawn again and it is seen that M3 performs better than M1 when there is an uncertainty
in pD.

4.1.2 LEO Objects Simulation

In this section, the targets are taken to be in LEO. This simulation is run for 135 time steps with a step size of 1
minute. The objects orbital elements are shown in Table 3. The observer is assumed to be on the surface of the Earth
at a −91.44◦ longitude and −7.15◦ latitude and measurements are taken at every time step and consist of topocentric
angles and angle-rates (α,δ , α̇, δ̇ ). The FOV is 16◦× 16◦. In the case of LEO objects, the observing telescope is
assumed to follow a particular object and the FOV is then assumed to be a window around that object with a FOV of
;x◦× y◦. It is assumed that the clutter Poisson parameter is 4. Probability of survival is constant and is assumed to be
equal to 0.99.

Table 3: Orbital elements of targets

Targets Semi-major Eccentricity Inclination Longitude Argument True
axis (km) (rad) ascending node (rad) of perigee (rad) Anomaly (rad)

Object 1 7378.323 0.01034 1.44877 4.10412 4.01713 1.39263
Object 2 7849.591 0.05620 1.74179 3.53892 1.92272 1.97052
Object 3 7184.974 0.00870 1.45063 4.25730 2.65441 2.60532

Fig. 6 shows the results for this case.

Fig. 6: Comparison of errors (clutter not included)

It can be seen from Fig. 6 that the model M3 works better compared to the model M1. However, the error contrast at
the end of the time interval (after the 40th time step) is not very high because the true pD of the LEO objects used in
the simulation is closer to one in the time interval considered.

5. CONCLUSION

A variation of the Gaussian Mixture Probability Hypothesis Density (GM-PHD) filter, which incorporates uncertainty
in the probability of detection (pD), is developed and validated using numerical simulations. GM-PHD filter, in its
original form, models pD as a state-independent quantity, i.e., a constant. It is seen that in the space environment, pD
is a state-dependent quantity and also has some uncertainty associated with it. This research successfully incorporated
uncertainty in the pD and also modeled pD as a state (and therefore) time-dependent within the existing GM-PHD
framework.
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For the application in an SSA system, the birth was modeled via admissible regions, and an extended Kalman filter
was used for orbit propagation and update. The objects were assumed to follow a two-body motion model, and for all
the test cases, an optical ground-based single sensor scenario has been used. A variation of the GM-PHD filter, which
models pD as state-dependent, and which incorporates pD uncertainty was developed. The uncertainty in pD was
created from uncertainty in the reflecting area of objects. The area of objects was assumed to be a Gaussian random
variable. pD is then linearly approximated by a Gaussian Mixture. The proposed method utilizes this to formulate
an algorithm to incorporate pD uncertainty in the GM-PHD filter. The proposed method to incorporate uncertainty
was validated with simulations, and it was seen that it performs better than the filter, which does not accommodate
uncertainty in pD.
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