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ABSTRACT

The Starling suite estimates the non-linear evolution of densities in orbit. These densities can be probability density
functions describing uncertainties about states or distributions of particle clouds modeled as continua. In this work, the
Starling suite is applied to satellite fragmentations in a circular as well as highly eccentric orbit around Earth. The
former case is challenging because the fragment distribution is bounded. Such boundedness is tackled using feature
spaces defined relative to propagated reference hypersurfaces. The latter case is challenging as assumptions of the
randomization in the node and argument of perigee do not hold over the mid-term. The suite also allows to estimate the
impact rate from a fragment cloud on missions in any orbital region. Estimating the consequences of fragmentations is
important as it can be used to rate planned space missions in terms of risks towards the future space environment.

1 INTRODUCTION

More than 500 on-orbit fragmentations have so far occurred due to various reasons including explosions and
collisions [1]. Explosions of spacecraft and upper stages and collisions with other objects potentially release hundreds
of thousands of fragments with a diameter larger than 1 mm [2]. To estimate the long-term consequences of such
fragment clouds on active space missions in terms of impact rates and collision risk, a diverse set of tools were
developed. Engineering tools, such as NASA’s LEGEND [3], rely on Monte Carlo sampling to estimate the number of
collisions from space debris. They are non-invasive and thus work with any existing propagator in any force model for
a wide range of orbit geometries. However, to derive an accurate density estimate in 6+ dimensions over the full
domain requires a prohibitively large number of samples to be drawn and propagated. Other tools directly propagate
densities through volume mapping [4] or application of the continuum equation [5]. Their analytical
implementations [6] require simplified force models and restricted orbital geometries. Numerical solutions [7, 8, 9] can
deal with any dynamics but the result is known only following the characteristics of the system. Solutions based on
finite-differences [10, 11, 12, 13], instead, model the distribution over the full domain but are difficult to extend into
more than 3 dimensions due to restrictions in terms of computational power and memory. Hence, a method combining
the best of all worlds to be fast, applicable for many force models and orbital geometries and extendable into many
dimensions is desirable.

Here, a novel tool, the Starling suite, is introduced to estimate evolving continua subject to non-linear dynamics. The
suite is being developed at the Politecnico di Milano and funded by the COMPASS European Research Council project
and the European Space Agency. The name is inspired by the murmurations of starlings, a spectacle of nature where
millions of birds fly together in perfect synchrony, seemingly as one ever-changing continuum. It is based on the
continuity equation and uses numerical propagation to allow incorporation of accurate force models and modeling of
densities in any orbit. To estimate the distribution across the full domain without requiring a large number of
propagations, Starling fits a surrogate model to the characteristics. The suite was designed to allow working in any
dimensionality and with easy transitioning between feature spaces. An additional plug-in estimates the rate of impacts
an evolving fragment cloud has on targets in any orbital regime. Two examples of fragmentation cloud evolution are
given in 2 and 5 dimensions, respectively. The former shows the usage of reference hypersurfaces to normalize the
feature space and facilitate the fitting of the surrogate model. It also shows the application of the impact rate estimation
tool. The later shows the potential of the method of propagating clouds in many dimensions while keeping the
computational resources required low.

This work is organized as follows: Sec. 2 and 3 give an overview of the theoretical background of the method and
discuss limitations. The tool itself is described in Sec. 4. Use cases of the tool, propagation of a fragment clouds and
estimation of the collision risk, are presented in Sec. 5. Finally, conclusions are drawn in Sec. 6.
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2 CONTINUUM FORMULATION
The uncertainty and/or fragment cloud distribution are modeled as density functions. Uncertainties are probability
density functions, i.e. integration over the full domain results in unity. Fragment distributions, instead, are particle
density functions. Integration over the full domain results in the number of fragments, N , that are present in the cloud.
The method presented here does not distinguish between the two types of densities, and both are simply referred to as
density function, nxxx, in the D-dimensional phase space, xxx ∈ RD.

The following subsections discuss the initial condition and transformation (Sec. 2.1), the propagation of the continuum
(Sec. 2.2), how to find surrogate models at different snapshots in the future (Sec. 2.3), as well as current limitations to
the approach (Sec. 2.4).

2.1 Init ial distribution and transformation
Here, the main focus lies in the long-term propagation of fragmentation clouds. To speed up the integration of the
trajectories, the particles are propagated in averaged orbital elements. The initial condition is required to be given in the
same element set. Often, however, the initial distribution is not given in the appropriate phase space. The initial
fragment distribution given by the NASA standard breakup model (SBM) [2] is defined as a function of the magnitude
of the velocity, ∆v, relative to the parent orbit, and fragment characteristics, bbbT = (L A/m), with the characteristic
length, L, and the area-to-mass ratio, A/m. The distribution, nvvv,bbb, that can be obtained from the NASA SBM is defined
in the velocity, vvv ∈ R3, and bbb, and can be extended to include uncertainties also in radial direction, rrr [14].

For propagation, the distribution is transformed into Keplerian elements, αααT = (a e i Ω ω f), with the semi-major
axis, a, the eccentricity, e, the inclination, i, the right ascension of ascending node, Ω, the argument of perigee, ω, and
the true anomaly, f . This can be achieved by application of the method of change of variables [15, 14] as

nααα,bbb =
nsss,bbb(ϕϕϕ

−1(ααα))

|detJJJ | Jij =
∂ϕi
∂sj

(1)

with the point transformation, ϕϕϕ, from ααα to sssT = (rrrT vvvT ) and the Jacobian of the transformation, JJJ . For
semi-analytical propagation, randomization of f is assumed.

2.2 Continuum propagation
The distribution is modeled as a continuum. To predict its evolution, the general continuity equation is applied [5]

∂nxxx
∂t

+∇ · (nxxxFFF ) = 0
dxxx

dt
= FFF (2)

with the density, nxxx, given in the phase space, xxxT = (αααT bbbT ) ∈ RD in D dimensions, the independent variable time, t,
the dynamics, FFF , and ignoring sources and sink terms. This partial differential equation can be converted into an
ordinary differential equation using the method of characteristics [5], giving an additional equation for the density
evolution

dnxxx
dt

= −nxxx tr

(
∂FFF

∂xxx

)
(3)

with the trace, tr. The characteristics of the system follow the trajectories. They are propagated using the PlanODyn
suite [16] as it provides the Jacobian of the averaged dynamics with respect to the mean elements for all the major
perturbations. The effect of drag is modeled according to [17]. The fragment characteristics, bbb, are assumed to be
constant.

The drawback of the method of the characteristics is that the solution to the equation is known only along the
characteristics. To obtain the solution over the full domain, interpolation between the characteristics is required (see
next Subsection). The initial characteristics are selected through the Metropolis-Hastings algorithm [18], given the
initial NASA SBM distribution.

2.3 Surrogate modeling
The characteristics are propagated until the time or times of interest for evaluation of the number of impacts on active
missions. At each of these snapshots, a Gaussian Mixture Model (GMM) [19] is fitted to the characteristics in order to
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obtain a fast to evaluate surrogate model. Please see Ref. [9] for an in depth discussion of the fitting procedure, which is
based on the minimization of a cost function.

If the underlying distribution exhibits strongly non-linear behavior, fitting a GMM might not be computationally
practical as a large number of kernels is required. Furthermore, the breakup distribution can exhibit boundedness (e.g.
eccentricity is bounded to be positive). The problem is tackled by introducing one or multiple reference hyperplanes,
defined through samples that are propagated using the same force model as the characteristics. A continuous definition
of the hyperplane is found through interpolation of the reference samples. The cloud characteristics are then fitted in the
∆-space, e.g. in the ∆e = e− er, where er is the reference hyperplane. As the reference samples are subject to the
same non-linear deformations as the cloud characteristics, the resulting ∆-space shows less non-linear behavior and is
thus easier to fit using a small number of kernels. Sec. 5 explains the concept using examples.

2.4 Current l imitat ions

The method was successfully tested on a large number of orbital configurations, in varying dimensions subject to
atmospheric drag and the oblateness of Earth (J2), albeit neglecting the J2-drag coupling.

At this stage, the method is not suitably able to accommodate forces that lead to resonances on a small subset of the
feature space. Perturbations from third bodies or solar radiation pressure potentially induce resonances. Such
resonances tend to separate, or branch out, parts of the distribution from the main bulk of the characteristics.
Additionally, it renders the reference hypersurfaces to be a function of all the elements rather than just a few decoupled
ones. This introduces inaccuracies in the definition of the surfaces and hence leads to faulty ∆-space distributions.

Currently, the possibility of performing domain splitting [20] for the cases where the distribution branches out and
prohibits convergence of the fitting is investigated. If the branch can be isolated and separated such that both the branch
and the remaining samples can be well represented in their respective subdomains, the GMMs could be fitted separately.

3 IMPACT ESTIMATION

For mid- to long-term propagation, assumptions can be made on the distribution of LEO fragmentations after a certain
amount of time [21]. Shortly after the fragmentation, given even small differences in the orbit energy and area-to-mass
ratio, the fragments will randomize over the mean anomaly, M , and form a torus. After a few years and due to the
oblateness of the Earth, the fragments will further distribute into a band, i.e. randomize in both Ω and ω and limited in
latitude by the parent inclination, i0, which is assumed to be constant.

These assumptions can be used if the distribution in the full Keplerian element set, nααα, is to be recovered from a
simpler definition in less elements. Note that in this section the dependence on the fragment characteristics, bbb, is
dropped for better readability. It can either be integrated out, or carried through along the derivations to get an impact
rate dependent on the fragment characteristic.

If the distribution is given as a function of the spatial variables a and e only, the dependence on i can be recovered by
assuming a fixed i = i0 for all fragments, i.e.

na,e,i = δ(i− i0)na,e (4)

where δ is the Dirac delta function, defined as

δ(x) =

{
1, if x = 0

0, otherwise
(5)

The dependence on the angles, Ω, ω, and M , is introduced by assuming uniform distribution over [0, 2π)

na,e,i,Ω,ω,M =
1

(2π)
3na,e,i (6)

Using the following transformations between M , eccentric anomaly, E, and f [22]

M = E − e sinE cosE =
e+ cos f

1 + e cos f
sinE =

√
1− e2 sin f

1 + e cos f
(7)
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the derivative of f with respect to M is found as

df

dM
=

(1 + e cos f)2

(1− e2)3/2
(8)

Thus, the distribution in the full Keplerian elements set, ααα, using the method of change of variables as

nααα =

∣∣∣∣ df

dM

∣∣∣∣−1

na,e,i,Ω,ω,M =
(1− e2)3/2

(1 + e cos f)2
na,e,i,Ω,ω,M ∀f ∈ [0, 2π) (9)

To estimate the number of impacts, the distribution of fragments, nsss, in Cartesian coordinates, sss, is required. This can
be obtained by rearranging Eq. 1 as

nsss = |detJJJ |nααα (10)

The fragment density, nsss = nsss(rrr,vvv), is a function of both the radius, rrr, and velocity vvv. Integration over vvv yields the
spatial density, nrrr, however, the directional information is important for the estimation of the impact rate. To calculate
the rate of impact, ṅi(rrr,vvv∗), at any given point in space and target velocity, vvv∗, integration of the product of the
cross-sectional area, A, nsss and the magnitude of the relative velocity, ||∆vvv∗|| = ||vvv − vvv∗||, over all the fragment
velocities is required

ṅi(rrr,vvv
∗) =

∫ ∫ ∫
A

(
∆vvv∗

||∆vvv∗||

)
nsss (rrr,vvv) ||∆vvv∗||dvvv (11)

where it is assumed that nsss is constant over A and that the area of the chaser is negligible compared to the target. If A
is independent of the direction of impact, i.e. if the target is a sphere, it can be taken out of the integration. If the
inclination of the distribution is assumed constant, the volume integral reduces to two area integrals. Finally, the
number of impacts can be calculated by integrating over time, t, as

ni(t) =

∫ t

t0

ṅi (rrr(t), vvv∗(t)) dt (12)

4 TOOL STRUCTURE

The Starling suite consists of several independent routines, which can be found in Fig. 1. The majority of the routines,
shown in boxes with blue shades, are implemented in the PYTHON language. Input files, shown in boxes with
transparent background, are formatted as JSON or comma separated value files. The role of the interpreter that is
required throughout all the subroutines is briefly introduced in Sec. 4.1. The subroutines and their respective inputs are
discussed in Sec. 4.2.

4.1 Interpreter

One of the main objectives of Starling is to seamlessly increase/decrease the dimensionality of the problem and switch
between different feature spaces. The interpreter takes the role of understanding and transforming the characteristics
using symbolic mathematics and the SYMPY package [23]. It is itself defined through the interpreter settings, a JSON
file containing

"variables": a dictionary of all the variables present, with the following items
"value": symbolic representation of the feature as a function of the states
"default": default value in case it is not part of the feature space but only used during integration
"variable"/"unit": required for labeling of the figure axes

"data": list of strings describing the full element set, i.e. mix of values and default values required for
integration
"states": list of strings describing subset of the data required for the feature space
"weight": string describing the density around the state
"features": list of strings describing features to be used for model fitting, defined through symbolic
representation as a function of the states
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Continuum 
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Fig. 1: Schema of the Starling suite. Routines are depicted in blue shades, while input files are shown with no filling.

1 { "data": ["sma", "ecc", "inc", "raan",
2 "aop", "mano", "amr", "dens"],
3 "states": ["sma", "ecc"],
4 "weight": "dens",
5 "features": ["rper", "rapo"],
6 "variables": {
7 "sma": {
8 "value": "(rper+rapo)/2",
9 "variable": "$a$",

10 "unit": "m" },
11 "ecc": {
12 "value": "(rapo-rper)/(rper+rapo)",
13 "variable": "$e$",
14 "unit": "$-$" },
15 "inc": {
16 "default": 1.5708,
17 "variable": "$i$",

18 "unit": "rad" },
19 "raan": { ... },
20 "aop": { ... },
21 "mano": { ... },
22 "amr": { ... },
23 "dens": { ... },
24 "rper": {
25 "value": "sma*(1-ecc)",
26 "variable": "$r_p$",
27 "unit": "m" },
28 "rapo": {
29 "value": "sma*(1+ecc)",
30 "variable": "$r_a$",
31 "unit": "m" }
32 }
33 }

Fig. 2: Code snippet of interpreter settings for a 2-dimensional features space in perigee and apogee radius.

The snapshot files, stored in .csv format, contain only the required state and weight columns. Upon reading up the
snapshot file, the interpreter transforms the states and their respective weights into the feature space according to the
mathematical description in "value". This gives the user the opportunity to effortlessly explore a large variety of
feature spaces. Changing the dimensionality of the problem is done simply by extending the states and features lists.
However, if the dimensionality is changed, the cloud needs to be resampled to obtain the appropriate densities. The data
list is used whenever the snapshot is to be integrated. The interpreter extracts the states and weight and adds the
"default" values required for the integration. After propagation, it truncates the data again down to states and
weight only. Finally, the interpreter also provides the labels to be used when the features are plotted.

A code snippet for a 2-dimensional case can be found in Fig. 2. It is the description of a perigee/apogee radius feature
space.

4.2 Routines

The subroutines can be broadly split into cloud sampling, continuum propagation, surrogate model fitting and impact
estimation. The first three subroutines are completely ignorant of orbital dynamics and can be used for propagation of
any distribution in any dynamics. The last subroutine is treated as a plug-in, as it serves a clear use case, but using
similar input files as the other routines.

The cloud is sampled using an implementation of the Metropolis-Hastings algorithm [18] given any initial distribution
and parent orbit. The output file is a .csv file containing the states and density defined through the interpreter. In case
reference hyperplanes are required, they can be obtained by mapping the cloud samples on the desired hyperplane. As
hyperplanes are defined through samples, they have the same format as the cloud samples with densities set to zero.

The continuum propagation routine in Starling is merely providing interfacing functionality to external propagators.
The characteristics and hypersurface samples to be propagated are read by the interpreter, transformed into extended
states, and sent to the integrator together with the propagator settings. Parallelization is tasked to the integration tool.
The returned propagated states are broken up into snapshots, i.e. states at fixed epochs, and saved in the same format as
the initial characteristics file.

Given the characteristics and reference hypersurfaces at each snapshot, together with the fit settings, the GMM is fitted.
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Different snapshots can be fitted in parallel. The GMM is stored in a JSON file, including all the relevant information
to retrieve the full distribution. Additionally, a fit result file is stored containing information about the quality of the fit.

Lastly, the impact estimation tool, a separate plug-in to Starling, requires the GMM file, reference hypersurface samples
and a definition of the target orbit to calculate the number of impacts.

5 APPLICATION

Fragment clouds from two different orbital regions are presented. First, the initial fragment cloud of an explosion from
a circular parent orbit is presented in 2 dimensions, in a feature space derived from a and e. The impact rate is
estimated at different times, assuming a fixed parent inclination and randomization in all angles. This example strives to
strengthen the understanding of the usage of the reference hypersurface and shows the estimation of the impact rate.
Second, the evolution of a fragment cloud of an explosion from a highly eccentric parent orbit is presented in
5 dimensions, in a feature space derived from a, e, Ω, ω, and A/m. This example shows the potential of the continuum
approach in terms of computational efficiency in higher dimensions.

Both examples are modeled according to the NASA SBM [2] as a rocket body explosion considering characteristic
lengths between 1 mm and 1 m, resulting in N0 = 3.8× 105 fragments.

5.1 Cloud evolution in 2 dimensions and impact rate est imation

The distribution is sampled from a circular parent orbit defined by a0 = 7200 km and e0 = 0. Hence, the radius of
fragmentation is, r0 = a0. As can be observed in Fig. 3a showing the characteristics, the distribution is bounded in
perigee radius, rp = a(1− e), and apogee radius, ra = a(1 + e), respectively. The boundary is defined by the initial
radius of fragmentation, i.e. no resulting fragment can have a perigee above – or an apogee below – the fragmentation
radius. The hypersurface

ra,r = ra,r (ξp = log10(r0 − rp)) (13)

is used to normalize the target space and remove the boundary. The reference samples are obtained by mapping the
cloud samples on rp = r0 and ra = r0, respectively (see Fig. 3b). The target space is defined by

(ξp, ξa = log10(ra,r − ra)) (14)

Fig. 3c shows the initial distribution in the target space. Fitting can easily be performed in a few seconds using a low
number of kernels. The bottom row of Fig. 3 shows the same series of transformations after propagation of the cloud
and reference samples for t = 10 years assuming a fixed A/m = 1 m2/s and drag forces. Despite the low number of
cloud samples remaining (N = 73), the fit still performs well. To obtain a density profile with similar accuracy across a
100× 100 grid from samples only would require N = 105 samples to be present at each snapshot [14].

If it is assumed that the continuum inclination is fixed at the parent inclination, i0 = 45 deg, and randomized over all
the other Keplerian angles, the impact rate on arbitrary target orbits can be estimated. The impact rate as a function of
the true anomaly, f∗, can be found in Fig. 4 for a fixed target orbit at a∗ = 7500 km, e∗ = 0.1 and i∗ = 30 deg,
modeling the target as a sphere with a cross sectional area, A = 1 m2. The impact rates right after the fragmentation at
t = 0 years, after t = 5 years and after t = 10 years are shown, respectively. Initially, the impact rate is highest when
the target object passes through the fragmentation radius, i.e. at f∗ = 72/288 deg. As the fragment cloud starts
decaying, the altitude with peak impact rate is lowered too and reaches 7135 km after 5 years where it remains for the
next 5 years. The average impact rate over a full orbit, projected onto a year, is 4.4× 10−5/year, 1.1× 10−5/year and
3.2× 10−6/year after t = 0, 5, 10 years.

5.2 Cloud evolution in 5 dimensions

The distribution is sampled for a GTO with a0 = 22800 km, e0 = 0.7, i0 = 18 deg, and Ω0/ω0/f0 = 180/20/45 deg,
respectively, to obtain 2000 characteristics. To avoid collapse of dimensionality of the distribution (by going from 3 ∆v
components to 4 Keplerian elements), an additional normally distributed uncertainty with zero mean and 5 km standard
deviation is introduced in the orbital plane in the direction perpendicular to the velocity vector (see [14] for more
information). The cloud is subjected to atmospheric drag and a non-spherical Earth defined by J2, and is fitted in a
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Fig. 3: Representation of characteristics (left column), boundary samples (middle) and fitted distributions (right) for the
2-dimensional example right after fragmentation (top row) and after 10 years of propagation (bottom).

feature space derived from a, e, Ω, ω and A/m. The effects of drag and J2 on the orbit are modeled to be decoupled.
Two hypersurfaces are defined from two sets of reference samples in order to normalize the space in 3 features

er = er(rp, χ = log10 (A/m)) Ωr = Ωr(rp, e, χ) ωr = ωr(rp, e, χ) (15)

The initial samples for the first hypersurface for the derivation of er are mapped from the cloud samples to have a fixed
e = e0. The initial samples for the second hypersurface for the derivation of Ωr and ωr are mapped from the cloud
samples with a fixed Ω = Ω0 and ω = ω0. Hence, both hypersurfaces cut through the sample cloud. Cubic spline
interpolation and radial basis function interpolation [24] is used for the 2- and 3-dimensional hypersurfaces,
respectively. The target space is

(ζp = rp − (R+ h0),∆e = e− er,∆Ω = Ω− Ωr,∆ω = ω −∆ω, χ) (16)

with the Earth radius, R = 6378 km, and the final considered altitude, h0 = 100 km. The reason why the logarithm of
rp is taken is to avoid fraying of the samples towards low altitudes.

Fitting a GMM with 20 kernels to a 5-dimensional snapshot – i.e. requiring 420 parameters – takes about
60-120 seconds and can be performed successfully up until t = 500 years, after which only 337 of the initially
2000 cloud characteristics still remain. An example fit after 100 years of propagation, and 1153 remaining
characteristics, is shown in 5a. As the secondary hypersurface follows the cloud samples (trailing or leading them only
in Ω and ω), the resulting fit needs to be compared to a second set of verification cloud samples. Fig. 5b shows the
verification samples, their respective densities and the estimated density from the surrogate model. It becomes evident
that the ∆-space does not accurately represent the verification samples, because the secondary hypersurface does not
interpolate accurately enough across the full domain. Some of the samples are estimated to be far away from the
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Fig. 4: Impact rate on constant target orbit as a function of the target orbit true anomaly, f∗, right after the fragmentation
(top), after 5 years and after 10 years (bottom).

hypersurface (> 1000 deg), even though they ought to remain at a constant distance given by the initial distribution.
However, the fit still allows to estimate the extend of randomization of the distribution in Ω and ω as a function of the
other features. If, by varying the features within measurement uncertainties, the Ω or ω is displaced by more than
360 deg, it can safely be assume randomized in that angle, and the problem can be studied in a lower dimension. Also,
the cloud distribution can still be studied in terms of impact rate, keeping in mind that it will be shifted in some parts in
the angles. If impact rates are calculated over a long time span for many objects, these errors in angles are expected to
average out.

It was shown in a previous work that even N = 1010 samples do not suffice to derive an accurate density profile of a
GTO distribution in 5 dimensions [14]. Propagation of such a large number of samples, using the same setup as the one
used for the density propagation, would require 4.5 years. Instead, the 2000 cloud characteristics and the
4000 hypersurface samples, sufficient to derive a surrogate model over the full domain, are propagated within less than
2.5 minutes.

6 CONCLUSION

The Starling suite was introduced for the probabilistic propagation of densities modeled as continua. It was shown that
using the continuity equation, in tandem with semi-analytical propagation along the characteristics, and fitting of a
surrogate model, it is possible to obtain a model of an evolving orbital fragment cloud. Examples in 2 and 5 dimensions
show the potential for fast mid- to long-term propagations of fragment clouds, considering perturbations by drag and
J2, requiring only a small number of propagated samples. The fragment densities can subsequently be used to estimate
the impact rate on any target orbit from which the collision risk can easily be derived. Starling was designed to be
ignorant towards the underlying dynamics and can thus be used for integration of any particle density or probability
density function subject to any dynamics.
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Fig. 5: 5-dimensional distribution after t = 100 years. Diagonal plots: characteristics (blue dots) and fitted distribution
(orange dots) showing density in the y-scale. Off-diagonal plots: characteristics (dots), fitted distribution (contours) and
kernel centers (orange crosses).
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