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ABSTRACT

GEO debris spin state knowledge is valuable for active debris removal and servicing missions as well as material shed-
ding studies and attitude-dependent solar radiation pressure (SRP) modeling. Previous studies have shown that solar
radiation torques can explain the observed spin state evolution of some GEO objects. These studies have focused pri-
marily on principal axis rotation. Nevertheless, many objects are in non-principal axis rotation (i.e. tumbling). Recent
exploration of the tumbling regime for the family of retired GOES 8-12 satellites has shown intriguing solar radia-
tion driven behavior including spin-orbit coupling, tumbling cycles, tumbling period resonances, and stable tumbling
states when internal energy dissipation is considered. To better understand this tumbling regime, we develop a semi-
analytical tumbling-averaged rotational dynamics model suitable for roughly axisymmetric bodies. Many defunct GEO
satellites and rocket bodies are roughly axisymmetric. The derivation requires analytically averaging over the satel-
lite’s torque-free rotation, defined by Jacobi elliptic functions. The averaged model is found to capture the important
long-term behavior of the full dynamics while reducing computation time by several orders of magnitude. This makes
the averaged model a promising tool for future studies.

1. INTRODUCTION

Many debris objects in geosynchronous earth orbit (GEO) are retired and otherwise defunct satellites and rocket
bodies. The spin rates of these large debris objects are diverse and evolve over time [1, 2, 3, 4]. Understanding their
attitude evolution will benefit attitude-dependent solar radiation pressure (SRP) modeling which is the largest
non-gravitational perturbation at GEO. Also, spin rate predictions for these large objects will help predict debris
shedding. Most of the high area-to-mass ratio (HAMR) GEO debris is thought to be multi-layer insulation from
defunct satellites and rocket bodies [5]. Finally, many organizations are developing missions for active debris removal
(ADR) and satellite servicing at GEO. To grapple and de-spin large, potentially non-cooperative debris objects, spin
state predictions are vital. With variable spin rates, forecasting capture windows when a target is spinning slowly will
help reduce collision risk as well as the time and energy needed to de-spin.

Drawing from studies of asteroids, Albuja et al. investigated the influence of solar radiation and thermal re-emission
torques on defunct satellite spin states [6, 7]. The combined influence of these torques on a body’s spin state is called
the Yarkovsky-O’Keefe-Radzievskii-Paddack (YORP) effect [8]. Albuja et al. found that the YORP effect could
explain the observed spin rate evolution of the defunct GOES 8 and 10 weather satellites [7]. Benson et al. extended
the GOES dynamics studies of Albuja et al. to the non-principal axis (tumbling) regime considering YORP and
internal energy dissipation [9]. They found that the satellite’s rotational angular momentum vector tends to track the
time-varying sun direction. They also found cyclic behavior where the satellite transitions repeatedly between uniform
rotation and tumbling as well as tumbling period resonances. When dissipation was considered, stable tumbling states
were observed. Further work is needed to understand these behaviors. The full dynamics considered in [9] are not
amenable to long-term numerical propagation as they require short integration timesteps. Furthermore, they do not
readily permit study of spin state equilibria. This motivates development of tumbling-averaged dynamics. Several
tumbling-averaged YORP models have been developed for asteroids [12, 13]. These models do not consider specular
reflections which are insignificant for asteroids but can be important for defunct satellites. Also, these asteroidal
models average over the spin state and heliocentric orbit. Orbit averaging is not valid for defunct satellites since their
spin states can change significantly in several months [4].

In this paper we develop a semi-analytical tumbling-averaged attitude dynamics model that accounts for specular and
diffuse reflections as well as instantaneous thermal re-emission of solar radiation. This model is applicable to bodies
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with roughly axisymmetric moments of inertia. Many defunct GEO satellites and rocket bodies satisfy this
requirement. We then validate this averaged model with the full dynamics. We finish by discussing important
conclusions and laying out future work.

2. ROTATIONAL DYNAMICS

2.1 Frames

Before discussing the dynamics, we will introduce the relevant coordinate frames. For this paper will assume the
satellite is in a circular heliocentric orbit at 1 AU. The rotating orbit frame is denoted by O:{X̂ ,Ŷ ,Ẑ}. This frame is
centered at the satellite with X̂ aligned with the orbital angular momentum vector, Ẑ pointed towards the sun, and Ŷ
in the satellite orbital velocity direction. The angular velocity of O with respect to the inertial frame N is
~ωO/N = nX̂ where n is the satellite’s heliocentric mean motion and the rotation matrix from N to O at time t is
given by ON = R1(nt). Here Ri denotes a principal rotation about the ith axis. The next frame is the momentum
frameH:{x̂,ŷ,ẑ}. Here ẑ is aligned with the satellite’s rotational angular momentum vector ~H . Rotation from O toH
is given by the rotation matrix HO = R2(β)R3(α). The final relevant frame is the satellite body frame B:{b̂1,b̂2,b̂3}.
Rotation fromH to B is given by the rotation matrix BH = R3(ψ)R1(θ)R3(φ) with the standard (3-1-3) (φ-θ-ψ)
Euler angle set.

2.2 Full Dynamics

For this work, the full rotational dynamics will just be used for validation. The body frame angular velocity evolution
is given by Euler’s equations,

[I]~̇ω = −[~̃ω][I]~ω + ~M (1)

where [I] = diag([Ii, Is, Il]) and ~M is the net external torque. Is≥Ii≥Il are the maximum, intermediate, and
minimum principal moments of inertia respectively. The subscripts s, i, and l are used because these principal axes
often closely align with the body’s short, intermediate, and long dimensional axes.

The body’s inertial attitude is tracked using quaternions with the following kinematic differential equations,
β̇0

β̇1

β̇2

β̇3

 =
1

2


−β1 −β2 −β3

β0 −β3 β2

β3 β0 −β1

−β2 β1 β0


ω1

ω2

ω3

 (2)

2.3 Osculating Elements

Given the sun-tracking behavior and stable tumbling states observed in the full dynamical simulations, we are
interested in developing our dynamical equations relative to the rotating orbit frame O. Using the transport theorem
and expressing ~H in the orbit frame, we ultimately obtain,

α̇ =
My +Hn cosα cosβ

H sinβ
(3)

β̇ =
Mx +Hn sinα

H
(4)

Ḣ = Mz (5)
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where (Mx, My , Mz) denote the solar torque components in theH frame.

Another quantity of interest, the dynamic moment of inertia Id, is given by Id = H2/2T where ~H = [I]~ω and the
rotational kinetic energy T = 1

2~ω·[I]~ω. When Il < Id < Ii, the satellite is said to be in a long axis mode (LAM)
because ~ω precesses about the satellite’s long axis (b̂3 in this case). When Ii < Id < Is, the satellite is in a short axis
mode (SAM) where ~ω instead precesses about the short axis (b̂2 in this case). Id = Il and Id = Is correspond to
principal axis rotation about the long and short axes respectively. Finally Id = Ii denotes motion along the separatrix
between LAMs and SAMs. Taking the time derivative of Id, we obtain,

İd = −2Id
H

[
Id − Ii
Ii

M1 sin θ sinψ +
Id − Is
Is

M2 sin θ cosψ +
Id − Il
Il

M3 cos θ

]
(6)

where (M1, M2, M3) are the solar torque components in the B frame.

2.4 Solar Torque Model

For this work, the faceted solar radiation force model provided by McInnes was used. This model accounts for
absorption, specular reflection, and Lambertian diffuse reflection and re-emission [14]. Here, the satellite is assumed
to be in thermal equilibrium. So all absorbed radiation is immediately re-emitted. The solar radiation force acting on
the ith satellite facet is given by,

~fi = −PSRP
[
{ρisi(2n̂in̂i − U) + U} · ûmax(0, û · n̂i) + a2,in̂i max(0, û · n̂i)

]
Ai (7)

where,
a2,i = B(1− si)ρi +B(1− ρi) (8)

Here, PSRP is the solar radiation pressure, ρi is the total facet reflectivity, si is the fraction of total reflectivity that is
specular, n̂i is the facet unit normal vector, U is the 3×3 identity matrix, û is the satellite to sun unit vector (aligned
with Ẑ), and Ai is the facet area. The operation n̂in̂i represents a matrix outer product. Self-shadowing by other
facets and multiple reflections are not currently considered. Also, B is the scattering coefficient (2/3 for Lambertian
reflection).

The solar radiation torque acting on the satellite can then be calculated as,

~M =

nf∑
i=1

~ri × ~fi (9)

where ~ri is the position vector from the spacecraft center of mass to the facet centroid and nf is the number of facets.

3. AVERAGED DYNAMICS

Following Ref. [12], we aim to average Eqs. 3, 4, 5, and 6 over the satellite’s tumbling motion. For this approach, we
assume that the solar radiation torque is a relatively small perturbation on the satellite’s torque-free motion and that α,
β, H , and Id evolve slowly compared to the satellite’s rotation. So we average with respect to the variables φ, θ, and
ψ. Assuming that the tumbling periods Pφ̄ and Pψ are not resonant [11], we can separate the averaging over the
independent precession (φ) and combined nutation (θ) and rotation (ψ) motions. For roughly axisymmetric bodies, φ̇
is approximately constant. So we will average uniformly over φ from 0 to 2π to simplify the averaging process [12].
Expressing this mathematically for the general variable F ,

〈Ḟ 〉φ =
1

2π

∫ 2π

0

Ḟ (φ, θ, ψ)dφ (10)
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and
˙̄F =

1

Pψ

∫ Pψ

0

〈Ḟ 〉φ
(
θ(t), ψ(t)

)
dt (11)

To evaluate Eq. 11, we note that Pψ = 4K where K is the complete elliptic integral of the first kind [15, 16].
Rewriting Eq. 11 in terms of K and a new time variable τ ,

˙̄F =
1

4K

∫ 4K

0

〈Ḟ 〉φ
(
θ(τ), ψ(τ)

)
dτ (12)

The tumbling-averaged equations of motion are then given by,

˙̄α =
My + H̄n cos ᾱ cos β̄

H̄ sin β̄
(13)

˙̄β =
Mx + H̄n sin ᾱ

H̄
(14)

˙̄H = Mz (15)

˙̄Id = −2Īd
H̄

[
Īd − Ii
Ii

M1 sin θ sinψ +
Īd − Is
Is

M2 sin θ cosψ +
Īd − Il
Il

M3 cos θ

]
(16)

We must then evaluate Mx, My , Mz, M2 sin θ cosψ, M1 sin θ sinψ, and M3 cos θ. To facilitate the analytical
averaging, we follow [12] and approximate max(0, û · n̂i) using its second order Fourier series expansion,

max(0, û · n̂i) ≈
1

3π
+

1

2
(û · n̂i) +

4

3π
(û · n̂i)2 (17)

With this polynomial approximation, these torque components will consist only of terms with products of sines and
cosines of φ, θ, and ψ. Averaging over φ is therefore straightforward, while averaging over τ is more complicated and
involves the Jacobi elliptic functions cn τ , sn τ , and dn τ [11, 16]. Once one has averaged over φ, the averaged torque
components will all have the form,

M =
∑
N

CN
1

4K

∫ 4K

0

cnlτ snmτ dnnτ dτ (18)

where l, m, and n are permutations of (0, 1, 2, 3, ...) and CN is the constant for each term N . These averaged torque
components implicitly depend on ᾱ, β̄, and Īd.

4. RESULTS

4.1 GOES Model

We will now briefly discuss the GOES model used to validate and explore the tumbling-averaged dynamics. GOES
8-12 are a family of five retired GEO weather satellites operated by NOAA. They are notable for their asymmetry with
a single solar array whose solar torques are finely balanced during solar array sun-pointing operations by a large
conical solar sail and square aluminized trim tab [17]. When uncontrolled, this asymmetry provides the opportunity
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for large net solar torques. The 26 facet GOES shape model used for this work is provided in Fig. 1 with GOES 8’s
approximate end of life principal axes, solar array orientation, and trim tab angle. For GOES 8, the end of life
principal inertias are Il = 980.5, Ii = 3432.1, and Is = 3570.0 kg·m2 [18]. Table 1 provides the optical properties
assumed for the various GOES model facets [18].

Fig. 1. GOES 8 Shape Model with Principal Axes Labled

Table 1: GOES Model Optical Properties

Component Material ρi si
Bus MLI 0.60 1
Array front Solar cell 0.27 1
Array back Graphite 0.07 0
Trim tab front Al tape 0.83 1
Trim tab back Graphite 0.07 0
Sail sides/top Al Kapton 0.66 1
Sail base Al tape 0.83 1

4.2 Average Torque Validation

First, we will validate the analytically averaged torques using the full torque-free dynamics model (Eqs. 1 and 2) with
~M = 0. For the full model, we average Eq. 9 directly over time with no approximations made for max(0, û · n̂i). The

full model averaging time is ∆t = 200Pe where Pe = 2π/ωe and the effective spin rate ωe = H/Id. This span is
more than sufficient for the time-averaged torques to converge. Fig. 2 shows the average torques in the angular
momentum frame for the full and analytically averaged models. Both a SAM and LAM state are tested. We see that in
both cases, the models only differ quantitatively, with the torque profiles sharing the same general structure. For the
LAM case in particular, we see a large non-negative My . This torque drives α̇ and causes the angular momentum
sun-tracking behavior observed in [9]. For the LAM case, Mx is also non-negative across all β values which drives
the tumbling cycles observed in [9].

Continuing the comparison between the full and analytically-averaged torques, Fig. 3 shows ˙̄Id for the full and
analytically averaged models. Again, they differ only quantitatively. In both cases, İd steadily increases from β = 0◦

to β = 180◦, changing sign near 90◦. This causes GOES 8 to initially spin up into LAM and then return towards SAM
over the course of a tumbling cycle.

6080.pdfFirst Int'l. Orbital Debris Conf. (2019)



0 45 90 135 180

 (deg)

-4

-3

-2

-1

0

1

2

3

4

A
v
e
ra

g
e
d
 T

o
rq

u
e
 (

N
m

)

10-5

M
x

M
y

M
z

M
x

M
y

M
z

    Full     Avg.

(a) SAM Id = 3500 kg·m2
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(b) LAM Id = 3000 kg·m2

Fig. 2. GOES 8 H Frame Tumbling-Averaged Torques vs. β (full torque-free model is solid, averaged model is dashed)
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Fig. 3. GOES 8 ˙̄Id vs. β

4.3 Averaged Dynamics Validation

We will now compare the full and analytically averaged models by numerically integrating Eqs. 1 and 2 as well as
Eqs. 13, 14, 15, and 16. Figure 4 shows an example of the full and averaged dynamical evolution. Here the initial
conditions for both models are ᾱo = 0◦, β̄o = 15◦, Īdo = 3500 kg·m2, H̄o = 3.054 kg·m2/s (Pe = 120 min). The
dynamics are propagated for three years using MATLAB’s ode113 numerical integrator. The full model propagation
required 70 min while the averaged model required only 5 sec. Overall, the averaged model captures the angular
momentum sun-tracking and tumbling cycle behavior of the full dynamics model. In both cases, Fig. 4 shows that ωe
increases for approximately one year as Id progresses from SAM to LAM. Once β passes 90◦, the satellite spins back
down and briefly nears uniform rotation (Id ≈ Is) before entering into another tumbling cycle. From Fig. 2a, we see
that this second cycle occurs because Mx and therefore ˙̄β are negative or zero for all β. This drives ~H back towards
its initial location where the cycle can begin again. Despite their similarities, the first tumbling cycle for the averaged
model is slightly longer and shows somewhat different ωe, Id, and β profiles. These model discrepancies can be
attributed to the max() function approximation and our averaging assumptions.
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Fig. 4. GOES 8 Full and Averaged Dynamical Evolution

5. CONCLUSIONS

In this paper, we derived a semi-analytical tumbling-averaged solar torque dynamics model for defunct GEO satellites
and rocket bodies. Given our averaging assumptions, the model is most suited to roughly axisymmetric bodies. This
averaged model captures the sun-tracking and tumbling cycle behavior observed in the full dynamics model while
yielding a roughly three order of magnitude decrease in computation time. The increased efficiency facilitates
exploration of the tumbling YORP regime.

For future work, we plan to investigate resonant tumbling states by relaxing the assumption that the tumbling periods
are incommensurate. In addition, we plan to incorporate energy dissipation as well as other averaged external
perturbations and investigate equilibria and their stability. Finally, we plan to change the satellite shape models and
sizes to explore how the various satellites can be expected to evolve.
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