
NONLINEAR TIDAL DISSIPATION IN ENCELADUS’ SUBSURFACE OCEAN AND BEYOND Hamish C. F.
C. Hay1 and Isamu Matsuyama1, 1Lunar and Planetary Laboratory, University of Arizona, Tucson, AZ 85721, United
States (hhay@lpl.arizona.edu)

Introduction: Ocean tides in icy moons can dissi-
pate tidal energy through turbulence at the macroscale.
This source of oceanic heating has been studied in the
last decade [e.g., 1–7]. All of these studies treat these
oceans as having free-surfaces, thereby neglecting the icy
layer at the surface. Inclusion of the ice shell and its ef-
fect on global ocean tides has been an important task, and
recent efforts have achieved this first through analytical
thin shell membrane theory [8] and second through thick
shell Love number calculations [9]. Both [8] and [9] use
semi-analytical methods to investigate subsurface ocean
tides, and are consequently limited to linear drag models.
In this work, we report on our recent study [10] where we
numerically simulate subsurface ocean tides using non-
linear bottom drag, as is used on Earth [e.g., 11], and
the thick shell model from [9]. Our model is applied to
Enceladus and a variety of other icy satellites where we
explore how both ocean and ice shell thickness impact
the dissipative nature of these global oceans. Addition-
ally, our work extends energy dissipation scaling laws
from [6] to include the effect of an overlying ice shell,
making these scaling laws useful for coupled thermal-
orbital calculations. Finally, we report on advances made
to our numerical model used in [10] that allow for the
first simulations of ocean tide dynamics and dissipation
in a heterogeneously thick ocean on Enceladus.

Theory: Modelling ocean tides is most commonly
done using the shallow water assumption. This means
the ocean is thin enough that radial velocities are small
and can be ignored. The governing equations of such a
system solve for only lateral, depth averaged velocities,
u, while mass in the ocean is conserved through changes
in the height of the ocean surface, η. these are the well
known Laplace Tidal Equations (LTE) [9, 12];
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where Ω is the rotation vector of the satellite, g is the sur-
face gravity, UT

2 is the degree-2 tidal potential, ho is the
ocean thickness,D(u) is the nonlinear drag operator, and
ηnm is the degree-n, and order-m unormalized spherical
harmonic expansion of the ocean surface. These equa-
tions have been modified from the original LTE to ac-
count for both the mechanical restoring force of the ice
shell on the ocean surface via the coefficient βn, and the
self-gravity of the satellite via the coefficient υ2. These

coefficients are defined in [9, Eq. 22], and depend on the
interior structure of the satellite. The βn coefficient in-
creases the surface gravity wave speed, thereby decreas-
ing the response time of the ocean, while the υ2 coeffi-
cient enhances the effective forcing on the ocean due to
self-gravity.

The nonlinear drag operator takes the form
cD|u|u/ho, where cD is a dimensionless drag co-
efficient [e.g., 7]. In this work, we double the drag
coefficient from its terrestrial value to account for drag
at the ocean top and bottom, cD = 0.004 [4].

We note that while we make the shallow water as-
sumption in this work, there is an increasing amount of
ocean tide literature that relaxes this assumption [e.g.,
13].

Numerical Model and Methods We simulated
subsurface ocean dynamics in Enceladus by discretizing
the LTE in a finite volume manner over an icosahedral-
geodesic grid [e.g., 14], using our code Ocean Dissi-
pation in Icy Satellites (ODIS) [7, 10]. We varied the
ocean and ice shell thickness over a range of values to
investigate the overall effect of the ice shell on time- and
surface- averaged ocean tidal dissipation. For each sim-
ulated interior structure we calculated υ2 and βn up to
degree n = 8 using the method of [9]. These results
were then used to benchmark a series of energy dissi-
pation scaling laws that we have extended from [6] to
include the effects of an overlying ice shell [10].

Results and Discussion: The ocean responds very
differently to eccentricity and obliquity forcing [e.g., 2,
6, 10]. Eccentricity-forcing predominately creates grav-
ity waves at the ocean surface. The mechanical restor-
ing force of the ice shell increases the propagation speed
of these waves which reduces the phase lag between
the tidal response and forcing. This lowers the amount
of tidal dissipation. In contrast, the ocean response to
obliquity forcing is through planetary scale waves, com-
monly known as Rossby-Haurwitz waves [2, 12]. These
waves are largely non-divergent in nature, so the ice
shell can only indirectly affect such waves through self-
gravity. This increases the amount of tidal dissipation in
the ocean.

In Figure 1 we explore the ice shell effect for a va-
riety of icy satellites. We see that for the small satel-
lites, Dione and Enceladus, the ice shell severely reduces
eccentricity tide heating due to the ice shell’s mechani-
cal suppression, a result of their high effective rigidities.
For Enceladus, the decrease in heating is nearly five or-
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Figure 1: The ice shell effect on a variety of icy satel-
lites. The ice shell is neglected in the blue dots, and
included in the black dots. Ice and ocean thickness
for Enceladus and Dione are from [15]. We assume
ocean and ice thicknesses of 250 km and 50 km for Titan,
100 km and 10 km for Europa, and 100 km and 100 km
for Ganymede. For Triton, we use both a thick (250 km)
and thin (50 km) shell model. Note that Triton has zero
eccentricity, but is plotted for illustration. From [10].

ders of magnitude. In contrast, obliquity tide heating in-
creases with an ice shell, due to the satellite’s enhanced
self-gravity, although the increase is generally small.

For large satellites, the effective rigidity is small
enough that the dominant ice shell effect is self-gravity,
resulting in an overall increase in tidal dissipation for
both eccentricity and obliquity forcing. Triton is the only
satellite where this is not the case because its obliquity
forcing is likely large enough to produce gravity waves
in the ocean response, where the ice shell’s mechanical
suppression begins to take effect.

Conclusions: Icy satellite subsurface ocean dy-
namics with nonlinear bottom drag was modelled using
a finite volume discretization of the Laplace Tidal Equa-
tions (LTE) that include the effects of an ice shell [9, 10].
The numerical model, Ocean Dissipation in Icy Satel-
lites (ODIS) [7, 10] was applied to Enceladus and used
to benchmark a set of nonlinear tidal energy dissipation
scaling laws, extended from [6], to include the effects of
an overlying ice shell. These scaling laws were found
to be accurate to within 10%, making them extremely
useful for coupled thermal-orbital calculations.

The two main ice shell effects, mechanical suppres-
sion (enhanced restoring force) and self-gravity, were
shown to have opposite effects on subsurface ocean tidal
dissipation. Mechanical suppression dominates on high

rigidity small satellites like Enceladus and Dione, reduc-
ing eccentricity tide dissipation. Mechanical suppression
is far weaker on large satellites, so self-gravity domi-
nates on bodies like Titan and Ganymede, increasing ec-
centricity tide dissipation. In general, obliquity tides are
unaffected by the shell’s mechanical suppression which
allows obliquity-forced heating to increase due to self-
gravity. Overall, we find that the amount of tidal dis-
sipation within these oceans is small, except for Triton
and perhaps Titan. Obliquity tides also remain [6] as the
dominant source of fluid tidal dissipation in icy satellites.

Like most of the icy moon ocean tide literature [3,
5–9], the version of ODIS used here assumes a spatially
uniform ocean thickness. This is, however, not the case
on Enceladus [15, 16] and unlikely to be the case on
any subsurface ocean world. We will present the first re-
sults of ocean tidal dynamics and dissipation under an ice
shell of nonuniform thickness using a modified version
of ODIS and the assumption that the shell is infinitely
rigid. This will yield a previously unexplored type of
subsurface ocean tide that is controlled by the ice shell
geometry.
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