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Introduction. Shape-from-shading (SfS), also known
as photoclinometry, is a set of techniques for recover-
ing surface relief based on variations in light intensity
recorded in images [1, 2, 3]. We are interested in ap-
plying SfS to create high quality terrains from satel-
lite images starting with an initial guess terrain from ei-
ther stereogrammetry or LIDAR (for example, LOLA or
MOLA).

We consider realistic camera models, such as pinhole
and pushbroom, rather than just an orthographic projec-
tion used in many publications, multiple input images,
each with its own exposure value, and terrain-dependent
albedo. We model and mitigate the fact that cameras can
have significant errors in position and orientation. Our
approach allows the use of a wide variety of reflectance
models, but we found that the Lunar-Lambertian [4]
model performed well for our Lunar Reconnaissance Or-
biter Camera images. We also model shadows via a
shadow threshold, as well as regions occluded from the
Sun. Our algorithm was shown to work for very large ar-
eas and tens of images acquired at high latitudes (about
87◦) and hence low illumination angles, with little or no
overlap among themselves, and copious amount of shad-
ows.

Modeling. We model SfS as a minimization problem.
We assume that we have one or more image views of a
terrain, and for each image we know the Sun position
and the position and orientation of the camera. The cost
function to be minimized is∫ ∫ ∑

k

[Ik(φ)(x, y)− TkA(x, y)Rk(φ)(x, y)]2

+ µ
∥∥∇2φ(x, y)

∥∥2
+ λ [φ(x, y)− φ0(x, y)]

2
dx dy.

It is made of three terms, with weights µ > 0 and λ > 0
attached to the last two. They represent, respectively,
the brightness, smoothness, and initial DEM deviation
constraints. Here, φ is the terrain height above the datum,
φ0 is the initial terrain guess, Ik(φ) is the k-th camera
image interpolated at pixels obtained by projecting into
the camera points from the terrain, Tk is the k-th image
exposure,A is the terrain-dependent albedo,Rk(φ) is the
reflectance computed from the terrain for k-th image, and∥∥∇2φ

∥∥2
is the sum of squares of all second-order partial

derivatives of φ.
The variables of optimization are the terrain and

albedo at each point (x, y), and, for each image, its expo-
sure, camera position, and camera orientation. We start
with initial guesses for these parameters, and they can be
independently kept fixed or varied.

Initialization. We used stereo or the gridded LOLA
dataset to initialize the algorithm. The initial albedo
A(x, y) is set to 1. The values of the weights µ and λ are
on the order of 0.06 and 10−3. The initial exposures can
be derived as the values that minimize the above equa-
tion.

Handling errors in camera positions/orientations.
Such errors were causing the algorithm to not converge.
They were mitigated using a coarse-to-fine terrain scale
multi-resolution approach.

Dealing with shadows. Polar regions on the Moon can
have very deep shadows. We model these by marking
image pixels as valid or invalid based on a per-image
shadow threshold. We adjust the cost function at the
shadow boundary to avoid slope discontinuities in the
computed terrain. If a ground point cannot be seen from
the Sun because of being occluded by other higher ter-
rain, we set its reflectance to 0. We do not model, as yet,
points occluded from the camera.

Numerical solver. We use Google’s Ceres solver to
minimize the cost function.

Validation. We tested our algorithm on Lunar images,
both at low and high latitudes, with one or more images,
and with and without modeling shadows. We used im-
ages from the LRO Narrow Angle Camera. We validated
our results in two ways: (a) run SfS with images arti-
ficially made coarser by resampling by a factor of 10,
and validate with a terrain obtained from stereo using
the original images, and (b) run SfS on full resolution
(1 m/pixel) images, and validate with the sparse LOLA
dataset. In both situations we show that SfS increases the
terrain accuracy.

SfS on very large terrains. Our algorithm scales to us-
ing tens of images of a scene with dimensions of over
10, 000 × 10, 000 pixels, with the images barely over-
lapping in places and with vast areas in shadows. Han-
dling this required many algorithm improvements. Par-
ticularly, we solve for camera positions and orientations
by using not the entire region, which is infeasible, but
a set of representative cropped areas. Later the solved
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Figure 1: A Lunar terrain at 1 m/pixel before SfS (top)
and after SfS (bottom).

camera parameters were kept fixed, and we computed the
terrain by decomposing it into overlapping tiles and then
merging the results.

SfS on other planets. We tried SfS on Mars with
HiRISE images. A challenge with these images is the
fact that the solar incidence angle is relatively constant in
all of them, hence the illumination conditions do not vary
much, making the SfS problem rather undetermined. We
did not model atmospheric scattering. Mars in addition
has a large variety of minerals on its surface, and hence
more diverse (and complex) reflectance properties. We
also experimented with Charon, the moon of Pluto, us-
ing images from the New Horizons flyby mission. We
obtained plausible results, but did not have enough data
to validate them. Overall, our solution needs more tuning
before it can work for other bodies as well as it does for
the Moon.

Software. Our SfS implementation is released, with
detailed documentation and usage examples, as part of
the NASA Ames Stereo Pipeline, a collection of open-
source software for stereogrammetry and geodesy.
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Figure 2: SfS result on a terrain of size 13, 000×10, 000
pixels at 1 m/pixel and 87◦ latitude North (top). The lin-
ear artifacts come from the initial guess LOLA gridded
terrain that could not be removed by SfS in areas shad-
owed in all images. The orthoimage (bottom) was ob-
tained by finding at each pixel the maximum image in-
tensity value over all orthoprojected input images.

sightful discussions.
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