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Introduction:  The volatile inventories on Kuiper 

Belt Objects (KBOs) can help us understand the for-

mation of our solar system, as well as the potential for 

life on these icy worlds [1]. In particular, water ice is 

ubiquitous across the Kuiper Belt [2]. Surprisingly, a 

crystalline water ice spectral feature is likewise present 

on many medium sized KBOs, such as Charon [3-5]. 

The temperatures in the Kuiper Belt should be stable 

only for amorphous water ice [5-7].  

There are many proposed mechanisms for forming 

crystalline water ice on the surface of these KBOs, one 

of which is cryovolcanism [3,5,8]. According to [8], 

medium sized KBOs may have had sufficient radiogenic 

heat to partially differentiate and retain a subsurface liq-

uid water ocean underneath a rock-ice crust. However, 

an “antifreeze” (in the case of Charon, ammonia [9]) is 

required for the freezing temperature to be depressed 

such that liquid remains. This cryomagma then rises to 

the surface through self-propagating cracks [10-12], 

leaving behind crystalline water ice cryolavas inter-

mixed with ammonia hydrates (most likely ammonia di-

hydrate (ADH)).  

[13] predicted that conduits on Charon with a radius 

of ~0.35 m or less would not have sufficient time to 

reach the surface before completely freezing. However, 

their prediction is derived from fairly simple theoretical 

calculations. Here, we create a numerical thermal model 

to test the upper limit radius for a cryovolcanic conduit 

to completely freeze on a Charon-like body.  

Model:  The model presented here is based on the 

body following the evolution model of [8]  in which the 

body accreted cold, warmed through long-lived radio-

nuclides, and differentiated through melting of ammonia 

and water, leaving a dense, rock core, a liquid NH3/H2O 

lower mantle, a nearly pure H2O ice upper mantle, and 

an undifferentiated rock-ice crust. The depth to the liq-

uid mantle (the length of the conduit) in our model is set 

to the predicted depth to the liquid layer on Charon at 

250 km [8]. 

The conduit is idealized as a two dimensional cylin-

drically symmetric pipe that is divided into 1000 ele-

ments in the z-direction and 25 elements in the r-direc-

tion. These were chosen to keep the program computa-

tionally “light weight.” There are 2 additional elements 

in the z-direction and 1 in the r-direction (due to radial 

symmetry) that act as “static” boundary conditions. 

These are left at constant temperatures, while the inte-

rior elements act as “dynamic” boundary conditions and 

are replaced by fluid temperatures as the cryomagma 

rises (see below). The initial temperatures follow the 

gradient calculated by [8]. The liquid mantle layer is 

held at a constant 180 K. The solids have temperatures 

that decrease with temperature approximately linearly 

with distance toward the surface. The static boundary at 

the surface is held at a constant 50 K. 

For fluid elements, the conductive flux across the 

boundary of a cell is given by the finite difference ap-

proximation 

𝐹 = −(𝑘𝑖+1 + 𝑘𝑖)
𝑇𝑖+1 − 𝑇𝑖

∆𝑠
 

where k is the thermal conductivity, T is the tempera-

ture, and ∆s is the distance across the cell in either the 

vertical or radial directions. Here, i is the index for an 

element in either the vertical or radial directions. The 

conductive change in energy is then calculated by 
∆𝐸

∆𝑡
= 𝐴𝑏𝑜𝑡𝐹𝑏𝑜𝑡 − 𝐴𝑡𝑜𝑝𝐹𝑡𝑜𝑝 + 𝐴𝑙𝑒𝑓𝑡𝐹𝑙𝑒𝑓𝑡 − 𝐴𝑟𝑖𝑔ℎ𝑡𝐹𝑟𝑖𝑔ℎ𝑡  

where A is the cross sectional area and F is the flux 

through the top, bottom, left, and right boundaries, re-

spectively. Temperature dependent thermal conductivi-

ties for the solid components in the model are taken 

from [8]. The thermal conductivity of the fluid is as-

sumed constant at 0.5 W m-1 K-1, consistent with the 

findings of [14]. In addition to the conductive flux, en-

ergy advection due to vertical velocity is accounted for. 

Total energy is calculated using the energy equation 

of state for an ammonia-water fluid from [8]. This uses 

a lever rule for a four-component (NH3(l), H2O(l), ADH, 

and H2O(s)) system to integrate the amount of energy re-

quired to raise a fluid of NH3(l) weight concentration of 

X = 0.01 to a temperature T. The equation has three re-

gimes applicable to our model: 

(1) Regime 1: T < 174 K, H2O(s) + ADH 

(2) Regime 2: 174 ≤ T ≤ 178 K, H2O(s) + H2O(l) + 

NH3(l) + ADH 

(3) Regime 3: T > 178 K, H2O(s) + H2O(l) + NH3(l). 

Treatment of the phase change from liquid to ADH oc-

curs in Regime 2, where energies are linearly interpo-

lated with temperature and the concentration of ammo-

nia reaches eutectic composition (X = 0.321 at T = 178 

K [8]). Changes in the energy over time are then used to 

update temperatures via a look-up table at a resolution 

of 0.1 K. 

Flow of fluid in the conduit is forced to be laminar 

for simplicity (whereby the code breaks for Reynolds 

criterion that are calculated higher than critical: > 2300). 
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Laminar flow in a cylindrical pipe is most simply de-

scribed by Poiseuille flow. The velocity profile for this 

flow in a vertical pipe is described by 

𝑣(𝑟) = −
𝑅2

4𝜇
(
𝜕𝑃

𝜕𝑧
+ 𝜌𝑔)(1 +

𝑟2

𝑅2
) 

where R is the radius of the pipe, and radial distance 

from the center of the pipe is 0 ≤ r ≤ R. The velocity 

profile is calculated with a constant viscosity (μ) of 100 

Pa s [13] and pressure gradient (dP/dz) calculated from 

the definition of compressibility and volume change of 

liquid water to solid ice (see [13]). The density (ρ) of the 

fluid is held constant at 945 kg m-3 [11] in Regime 3, 

965 kg m-3 [8] in Regime 1, and linearly interpolated 

with temperature between these two values in Regime 

2. The gravitational acceleration (g) is also held constant 

at 0.30 m s-2. Due to mass continuity, fluid can only en-

ter the pipe from the reservoir (bottom) at the rate of the 

topmost elements, which are cooler and denser. We 

therefore use the weight of the topmost fluid elements 

as the limiter for velocity at a given radius. 

The energy required for crack propagation is ne-

glected, because the pipe is assumed to be already 

formed. 

Results:  We simulated a conduit with a radius of 

0.30 m to test the lower limit conduit size for freezing 

predicted by [13]. The model was run for 2x106 s (~23 

earth days). Results are illustrated in Figure 1. 

Freezing of the fluid first occurs at approximately 

7.5x105 s; however only a few cells begin freezing. A 

more significant portion of the fluid is frozen by 1x106 

s. Even when the fluid nears the surface, at 2x106 s there 

is only a minor layer of solid. The relatively slow cool-

ing of the fluid is likely due to the low thermal conduc-

tivity of the ammonia-water mixture. The conductivity 

could be higher, but this would likely only modify the 

cooling rate in the radial direction. This is because the 

cross sectional area of cells in the vertical direction are 

very small, so even an order of magnitude change in 

conductivity results in little conductive flux change in 

the vertical direction. Further work is required to verify 

this. 

Also of note is that the first cells of fluid to freeze 

are at a ~0.15 m radius, despite the largest temperature 

gradient occurring at 0.00 m radius. This is likely caused 

by the energy advected vertically. Energy advection at 

the center of the pipe is high, thus heat transfers from 

the reservoir to the top of the fluid fairly efficiently. At 

the edge of the pipe, there is little advection (due to the 

no-slip condition for Poiseuille flow), but the tempera-

ture gradient is low. The place of most efficient cooling 

then would be where both the advection and tempera-

ture gradient are moderate; in this case, at ~0.15 m. 

Conclusion: The upper limit radius for freezing of a 

cryovolcanic conduit is lower than previously predicted 

[13]. This has important implications for cryovolcanism 

on KBOs. Because the only change in the thermophys-

ics for larger conduits is more energy advection due to 

increased velocities, the timescales for freezing should 

be longer for bigger conduits. Larger conduits would be 

expected as our idealized pipe is rather geophysically 

unrealistic. This means that as long as a conduit main-

tains laminar flow, the fluid should always reach the 

surface.  
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Figure 1. Model of r = 0.30 m conduit with temperatures in Kelvin 
(top row) and phase (bottom row) over time. Colors for phase are: 

water ice mantle (cyan), undifferentiated crust (orange), NH3(l) + 

H2O(l) + H2O(s) (red), NH3(l) + H2O(l) + H2O(s) + ADH (yellow), H2O(s) 
+ ADH (blue). Each column is at equally spaced intervals of 1x106 

s. The fluid is slow to cool with freezing first occurring around 

7.5x105 s, though the amount is negligible. Even at 2x106 s, only a 
relatively thin section of the fluid has solidified. 
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