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Introduction: Lunar librations have been re-

searched for decades. We tried to compare the numeri-

cal and analytic methods on periods of lunar free libra-

tions. Furthermore, the layer structure has been as-

sumed to be two layers and it corrected the periods a 

little from full-rigid Moon. However, this model is still 

inadequate for accurate research on lunar librations. 

There is still relatively big difference between current 

analytic and numerical results. We will try to locate the 

reason of the remained difference in the future work. 

Lunar librations supply a good opportunity for us to 

research the dynamical influence of lunar internal 

structures 

Analytical Method: The physical librations come 

from the solutions of the rotational differential equa-

tions reduced by using the first Cassini law and linear-

ized with respect to small quantities [1]. For rigid 

Moon, without considering liquid core and tidal influ-

ence, the linearized rotation equations at the first order 

of the Moon are basic equations to figure out the free 

librations. They are with respect to external forces, 

lunar mean motion and dynamical ellipticities, which 

are determined by principal moments of inertia (A < B 

< C). 

The values of dynamical ellipticities are obtained 

from JPL ephemeris of DE430 [2]. 

Setting the external forces to be zero, we could ob-

tain the eigenfrequencies of free librations by solving 

the equations. The low order of eigenfrequencies is the 

analytical frequencies of lunar free librations. Rambaux 

& Williams (2011) supplied them to us [1].  

Using full Moon geophysical parameters, we could 

obtain the periods of free librations for rigid Moon. 

Considering deeply, with two-layer structure, the 

periods would be corrected a little. In order to prove it, 

the parameters of lunar core are necessary. However, 

we need to find the relation of parameters of lunar core 

and full Moon. 

While discussing the dissipation of lunar rotation, 

Williams gave us the relation between parameters of 

gravity field and dynamical parts [3]. 

Thus, geophysical parameters of DE430 supply the 

relation of rigid Moon and lunar fluid core [2].  

However, it is still impossible to get the three val-

ues of moments of inertia of lunar core. Two simple 

assumptions on dynamical condition of lunar core have 

been made.  

Assumption 1. If the fluid core is dynamically 

symmetric, there would be 
c cA B . 

Assumption 2. If the fluid core is non- dynamically 

symmetric, there would be 
c cA B . 

The further assumption is necessary. Following the 

dynamical assumption of  Noyelles (2011) [4], 

c cA B

A B
 , 

we could obtain the moments of inertia under this con-

dition. 

According to the relation between mantle and core, 

we could obtain all information we need on corrected 

rigid Moon. Then, analytically getting the frequencies 

and periods of free librations is possible. 

Numerical Method:  The lunar rotation combined 

forced and free librations. The numerical fitting meth-

od aimed at identifying the frequencies of free libra-

tions from forced part. The periods of lunar orbit is 

effected by solar planets [1].  

The fit function, which is used to analyze the peri-

ods and amplitudes of librations, takes the following 

form [3] 
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where the coefficients are for polynomial fitting. 

Based on above method, Rambaux and Willianms 

(2011) analyzed residuals for librations over 1070 

years. They obtained the periods of free librations [1]. 

Results and Discussion:  

Table 1 Analytical and numerical results 

Periods 

(day) 
Longitude 

Latitude 

(MR) 

Latitude 

(SR) 
Wobble 

Assumption 

1 
1044.92 27.2958 28852.72 27070.43 

Assumption 

2 
1045.29 27.2958 28856.37 27069.46 

Williams 1056.13 —— —— 27257.27 

Table 1 shows that lunar layer model could moder-

ately correct the periods of free librations, but there is 

still relatively big difference between analytical and 

numerical results. The difference is about 10 days for 

longitude part and 200 days for wobble. The numerical 

method cannot identify coordinate reference for lati-

tude, so this part cannot be compared. The difference 

1810.pdf47th Lunar and Planetary Science Conference (2016)



between analytical and numerical methods is about 1% 

for each part. 

Conclusion: Analytical and numerical methods on 

free librations are relatively uniform, but there is still 

difference between them for accurate discussion. Con-

sidering layer model of the Moon, free librations would 

be corrected a little, but the two layer structure is inad-

equate for free librations. 

In the future, we would furtherly locate the reason 

of the difference and figure out the influence of the 

uncertainty of geophysical parameters. 
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